Abstract: One of the main drawbacks of cooperative communication systems with half-duplex relaying is inefficient use of spectrum. Incremental relaying is an effective technique that overcomes this limitation. In this study, for a single-relay regenerative system, the authors propose a spectrally-efficient incremental relaying scheme that eliminates redundant relay transmissions such that the error propagation from the relay to the destination is effectively mitigated and the full diversity is achieved. The authors examine the impact of the error propagation on the performance of the system and derive closed-form expressions for the end-to-end symbol error probability (SEP) for different modulation schemes. They also derive an approximate closed-form expression for the optimal threshold that minimises the end-to-end SEP. The high-signal-to-noise ratio (SNR) analysis demonstrates that this threshold achieves full diversity whereas neither the bandwidth-consuming cyclic redundancy check code nor the availability of the instantaneous source-relay channel state information at the destination is required in the system. Furthermore, the authors purpose a class of thresholds that are independent of the network geometry and achieve full diversity. The asymptotic behaviour of the system shows that the spectral efficiency for both the optimal and geometry-independent thresholds in the high-SNR regime tends to the maximum achievable value.
Introduction
Cooperative diversity is a kind of spatial diversity that employs the antennas of different terminals in a distributed manner to create a virtual antenna array [1] [2] [3] . This technique can be very useful to combat multipath fading particularly when the wireless terminals are not able to support multiple antennas because of the size or other limitations. One of the main drawbacks of cooperative protocols with digital relaying, that diminishes the diversity order, is the error propagation from the relay to the destination. To mitigate error propagation, either the source-relay channel state information (CSI) must be available at the destination [4] [5] [6] [7] or the relay must be able to transmit adaptively what it receives from the source based on the quality of the received signal (i.e. selection relaying schemes must be employed) [8] [9] [10] [11] [12] [13] . Although these schemes are successful in mitigating the effects of error propagation, they suffer from the bandwidth inefficiency of half-duplex relaying.
Incremental relaying is a promising technique that overcomes this limitation by eliminating redundant relay transmissions [3] . In incremental relaying, the relay is requested to transmit only if a failure occurs in the direct transmission. The success or failure of the direct transmission is determined by the destination based on either the decoding error [14] or the instantaneous received signal-to-noise ratio (SNR) at the destination [15] . In incremental relaying systems equipped with error detection codes, the relay cooperates only if the received signal from the source cannot be decoded correctly at the destination. This scheme can be implemented by employing a powerful cyclic redundancy check (CRC) code [14] .
When the system is uncoded, the destination can decide whether its detection is reliable or not by comparing the instantaneous received SNR from the source with a threshold (in the sequel, we call this scheme SNR-based incremental relaying). The value of this threshold is the important parameter that has considerable impact on the system performance and the diversity order that can be achieved. The SNR-based incremental relaying scheme has been investigated in [15, 16] for regenerative and non-regenerative systems, respectively. In [17] [18] [19] , the scheme proposed in [15] has been extended to the case of multirelay network in which in the second phase only the best relay possibly transmits. In [18] , the best relay is selected based on the relay-destination links, and in [19] , an opportunistic criterion [20] is employed for relay selection purposes.
In conventional incremental relaying systems that employ regenerative relays, to mitigate error propagation, the relay must have the ability to decide whether to give positive response to the request received from the destination or not based on the quality of the received signal from the source (e.g. by CRC checking at the relay [14] or comparing the instantaneous source-relay SNR with a threshold [21] ). In other words, the destination and the relay must jointly make decision whether the relay assists the source or not. For example, in the incremental selection relaying scheme proposed in [14] , both the relay and the destination check the CRC bits to decide about the relay participation in the second phase of the protocol, and in the incremental scheme proposed in [21] , the relays and the destination each compare a certain decision variable with a threshold.
When the instantaneous source-relay CSI is available at the destination, the error propagation can be mitigated at the destination by utilising appropriate combining schemes that employ such information. For example, in the incremental scheme proposed in [22] , to mitigate error propagation, the C-MRC detector [5] is employed at the destination. This scheme requires that the destination knows the sourcerelay-destination equivalent SNR per fading realisation for all participating relays.
In this paper, for a single-relay regenerative system, we propose a simple spectrally efficient incremental relaying scheme that eliminates redundant relay transmissions such that the error propagation from the relay to the destination is effectively mitigated and the full diversity order in the sense of probability of error is achieved. In the proposed incremental relaying scheme, the probability of cooperation decays with increasing SNR; however, the rate of this decay is such that the full diversity is guaranteed. In the proposed scheme, a negative acknowledgment is sent by the destination only if the direct transmission SNR falls below a predetermined threshold. By using this single threshold at the destination, we eliminate redundant relay transmissions and at the same time overcome the error propagation problem. In the proposed scheme, the relay does not need to examine whether its detection is reliable or not and can simply forward whenever a negative acknowledgment is fed back by the destination. Under the assumption of error propagation, we analyse the symbol error probability (SEP) performance of the system for M-ary phase shift keying (M-PSK), M-ary pulse amplitude modulation (M-PAM) and M-ary quadrature amplitude modulation (M-QAM) schemes, and derive an approximate closed-form expression for the optimal threshold that minimises the end-to-end SEP. The threshold value is independent of the instantaneous channel realisations and only depends on the statistics of the source-relay, relay-destination and source-destination links. We also analyse the asymptotic behaviour of the system and show that the optimal threshold achieves full diversity, while neither the bandwidth-consuming CRC code nor the availability of the instantaneous source-relay CSI at the destination is required in the system. Furthermore, we propose a class of full-diversity achieving thresholds that are independent of the network geometry. By employing this class of thresholds, no information about the sourcerelay link is required to be known at the destination. This makes the system very simple and very attractive for practical implementation. The asymptotic behaviour of the system shows that the average spectral efficiency for both the optimal and geometry-independent thresholds in the high-SNR regime tends to the maximum achievable value.
It should be noted that, although we assume that the system is uncoded, we can also use coding schemes to further improve the error performance of the system, but at the cost of increased system complexity.
In the remainder of this paper, incremental relaying refers to SNR-based incremental relaying. The rest of the paper is organised as follows. Section 2 introduces the system and channel models under investigation. Section 3 presents the performance analysis of the system for M-PSK, M-PAM and M-QAM modulation schemes in terms of the end-to-end SEP and the spectral efficiency. The derivation of the optimal threshold is also presented. In Section 4, the high-SNR analysis of the system and the full-diversity achieving thresholds are presented. Section 5 provides some simulation results. Finally, Section 6 summarises the main results of the paper.
System and channel models
In practice, a typical mobile terminal cannot transmit and receive simultaneously over the same frequency band. In this paper, we assume that all the terminals operate in the time division duplex mode. All channels are subject to frequency non-selective quasi-static Rayleigh fading and additive white Gaussian noise (AWGN). All the links are assumed to be independent but not necessarily identically distributed. The fading coefficients in the quasi-static model (also called the block-fading model) remain constant during each block and are independent and identically distributed (i.i.d.) from block to block.
In this paper, we consider a single-relay cooperative network with detect-and-forward relaying. In the first phase of the protocol, the source broadcasts a block of information symbols to both the destination and the relay [The block length is chosen based on the coherence time of the channel such that the channel coefficients remain constant during the block period.]. Then, the destination decides whether it can reliably detect the transmitted symbols or not by comparing the instantaneous received SNR from the source with an appropriate threshold. If the source-destination channel SNR falls below the threshold, the destination sends a negative acknowledgment via a low-rate feedback channel, so that the relay transmits its maximum-likelihood (ML) estimate of the source message in the second phase. If the source-destination channel SNR lies above the threshold, a positive acknowledgment is fed back by the destination, and the source immediately transmits the next block of information symbols. For the case of cooperative transmission, the detection at the destination is based on the combination of direct and relayed signals. In this paper, it is assumed that the sourcedestination and relay-destination channels are estimated perfectly at the destination (e.g. by using training symbols). However, the instantaneous source-relay CSI is not available at the destination.
It should be noted that, in the proposed scheme, although the relay simply forwards to the destination regardless of the quality of the source-relay link, by employing the optimal threshold derived in Section 3.2, the error propagation is effectively mitigated and the full diversity of order two is guaranteed. This is due to the fact that the optimal threshold is derived based on the end-to-end SEP performance of the system, which depends on the statistics of the source-relay, sourcedestination and relay-destination links. In other words, the statistics of the source-relay channel have impact on the decision that the destination makes about the relay participation.
We use the discrete-time baseband equivalent signal model. Let y j [n] be the received signal at terminal j. During the first phase, that is, for n = 1,…,N, where N is the block length, we have
(1)
where h i, j is the fading channel coefficient from terminal i to terminal j, z j [n] is the AWGN process at terminal j, E s is the average transmit energy per bit allocated to the source and s[n] is the information-bearing signal drawn from the M-ary constellation S M -MT = s m , m = 1, . . . , M with average energy normalised to one, where M = 2 K is the signal constellation size and MT denotes the modulation type.
The fading coefficient h i,j is assumed to be zero mean circularly symmetric complex Gaussian random variable with variance 1/λ i,j , that is, h i,j CN (0, 1/l i,j ). The additive noise process z j [n] is i.i.d. with distribution CN 0, N 0 . For the case that the relay participates in the second phase of the protocol, during the second phase, that is, for n = N + 1,…,2N, we have 
where * denotes the complex-conjugate operation,
, and x r,d = |h r,d | 2 . The random variable ξ in (4) takes the value 1 if the relay transmits and takes the value 0 if it remains silent. It is clear that x i,j is an exponentially distributed random variable with parameter
, where p(x) denotes the probability density function (PDF) of x, and u(.) denotes the unit step function. Let us define γ i, j as the instantaneous SNR per bit at terminal j received from terminal i. According to (1)- (3), we can write γ s,d = E s x s,d /N 0 , γ s,r = E s x s,r /N 0 and γ r,d = E r x r,d /N 0 , where x s,r = |h s,r | 2 . The retransmission request is sent by the destination only if the instantaneous received SNR from the source at the destination falls below a predetermined threshold, that is, γ s,d < ψ. In the next section, we analyse the SEP performance of the system under the realistic assumption of error propagation from the relay to the destination, and derive a closed-form expression for the optimal threshold (ψ opt ) that minimises the end-to-end SEP of the system.
3 Performance analysis and the optimal threshold
Symbol error probability
For M-PSK modulation, the transmitted symbol s m is of the form s m = e j2(m − 1)π/M and 1 m = e jq m , where the random variable q m [ {2lp/M , l = 0, . . . , M − 1} represents the detection error at the relay corresponding to the transmitted symbol s m . Here, we consider the case M > 4. The modulation schemes 2-PSK and 4-PSK have the same constellations as 2-PAM and 4-QAM schemes, respectively, and will be discussed later. Without loss of generality, let s 1 be the transmitted symbol. Define w = tan −1 (ℑ{v}/<{v}), where <{x} and ℑ{x} denote the real part and the imaginary part of x, respectively, and v is given in (4). For |w − q 1 | ≤ p/2 and |j| ≤ π/2, the PDF of w conditioned on q 1 , ξ, x s,d and x r,d can be written as
where
The derivation of (5) is given in Appendix 1. The event |j| > π/M corresponds to the occurrence of a symbol error at the destination. The conditional probability of this event can be calculated as
where Pr(.) denotes the probability of the given event. The second equality in (6) results from the approximation in (5) which is very accurate for the range of interest, that is, |j| ≤ π/M, |q 1 | ≤ p/2 − p/M . Using the change of variables t = (μ R sinj − μ I cosj)/σ, after some manipulations, (6) can be expressed as
where Q(.) denotes the Gaussian Q-function [23] . By setting ξ = 0 in (7), the conditional SEP (conditioned on γ s,d ) for the case that the relay remains silent (i.e. for direct transmission) can be obtained as
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For cooperative transmission, when a symbol error occurs at the relay node, for γ s,r ≫ 1, we can assume that the relay incorrectly transmits one of the two nearest neighbours s 2 or s M instead of the original transmitted symbol s 1 . The numerical results show that this approximation is very accurate over a wide range of SNRs (not only for large SNRs). Under this assumption, the random variable q 1 takes values 0, ±2π/M. The probability of a symbol error at the relay node can be calculated as
where g s,r is the average of γ s,r and
Thus, the distribution of the random variable q 1 can be written as
By substituting ξ = 1 into (7) and averaging the resulting expression over q 1 , the SEP for the case of cooperative transmission can be obtained as
Substituting 3π/M with π/M in the fourth line of (11),
can be well approximated as
where, due to the fact that sin3π/M > sinπ/M, (12) is a tight upper bound for (11) . For the case of M-PAM signalling, the transmitted symbol is of the form s m = (2m
denote the conditional SEP at the destination given that the symbol s m is transmitted. Given ε m , ξ, γ s,d and γ r,d , the SEP can be calculated as (see (13) (13) and averaging the resulting expression over s m , we easily obtain
Let us define 1 
Similarly, we can show that the probability that s m changes to s m−1 is given by Accordingly, the distribution of the random variable ε m can be written as
By substituting ξ = 1 into (13) and averaging the resulting expression over ε m and s m , the conditional SEP for the case of cooperative transmission can be obtained as
Substituting 3γ r,d with γ r,d in the second line of (18) ,
Now, let us consider the rectangular M-QAM signal constellation with M = M 1 M 2 . In this case, we have [23]
and
For
respectively. According to (8) , (12), (14), (19) , (22) and (23) the conditional SEP expressions for the modulation scheme M-MT, where MT denotes the modulation type, can be written in the general forms of
where a M-MT and b M-MT are given as
As mentioned earlier, for the case that γ s,d lies above the threshold ψ, the system operates in the direct transmission mode, and for the case that γ s,d falls below the threshold, the system operates in the cooperative transmission mode. Thus, the end-to-end SEP of the system can be expressed in terms of SEP as
are given in (24) and (25), respectively, and E x [.] is the expectation operator over x. By substituting (24) and (25) into (26) and evaluating the integrals, we obtain the end-to-end SEP in www.ietdl.org closed form as
where g i,j is the average of γ i,j In (29), it is assumed that
. Similar expression can be written for the case that g s,d = g r,d . The derivations of (29) and (30) are given in Appendices 2 and 3, respectively.
Optimal threshold
Equation (27) gives the end-to-end SEP as a function of the threshold employed by the destination. The boundary value ψ = ∞ corresponds to the fixed relaying scheme and, because of the high probability of error propagation, provides the same diversity order as the case ψ = 0 (i.e. the non-cooperative transmission scheme). For example, by setting ψ = 0 in (27), we arrive at the well-known SEP of non-cooperative transmission for Rayleigh-fading environment
The optimal threshold that minimises the end-to-end SEP can be found by taking the partial derivative of SEP M-MT [given in (27)] with respect to ψ, and equating the resulting expression to zero. After some manipulations, the optimal threshold, ψ opt , can be obtained in closed form as
Throughout the paper log denotes the natural logarithm. It is worth noting that this threshold is independent of the instantaneous channel realisations. In Section 4, we show that by employing the above threshold, the full diversity of order two is achieved.
Spectral efficiency
As described in Section 2, the system switches to the half-duplex cooperative transmission mode only if the direct link SNR falls below the threshold. Thus, the average spectral efficiency of the system for the modulation scheme M-MT can be calculated as
where the factor 1/2 in the first line reflects the effect of the half-duplex transmission. In Section 4, we will show that when the SEP-minimising threshold given in (31) is employed, that is, ψ = ψ opt , then c/ g s,d goes to zero as SNR goes to infinity. Thus, the average spectral efficiency tends to log 2 M as SNR→∞. That is, the maximum achievable spectral efficiency is obtained. This is in accordance with the fact that in the high-SNR regime, the direct link is reliable most of the time and hence, the system operates in the non-cooperative transmission mode.
Asymptotic analysis and diversity order
In this section, we analyse the high-SNR behaviour of the proposed incremental relaying scheme and calculate the diversity order for the case that the optimal threshold given in (31) thresholds that are independent of the network geometry and provide full diversity of order two. The diversity order determines how fast the bit error probability (BEP) decays with increasing SNR in the high-SNR regime and is defined as Δ = −lim SNR→∞ (log(BEP)/log(SNR)). In the following, we use the operators ∼ and ≲, which are defined as follows:
Definition 1: Two functions G 1 (x) and G 2 (x) are called asymptotically equivalent,
Definition 2: The function G 1 (x) is called asymptotically less than or equal to the function
Proposition 1: The incremental relaying scheme whose end-to-end SEP is given in (27) by employing the optimal threshold given in (31) achieves full diversity of order two.
Proof: Let E s /N 0 = k 1 SNR and E r /N 0 = k 2 SNR, where SNR is a reference signal-to-noise ratio, and k 1 , k 2 are two positive constants such that k 1 + k 2 = 1. Thus, we can write
. The end-to-end SEP given in (27) can be rewritten as (see (33)) We can easily show that
where (36) holds for the case that ψ/SNR→0 as SNR→∞. The derivations of (34)-(37) are given in Appendix 4. By substituting the asymptotic expressions given in (34)- (37) into (33), we obtain
We can also show that the optimal threshold given in (31) is asymptotically of the form
The proof is given in Appendix 5. By substituting ψ = ψ opt [that satisfies the condition under which (36) holds] into (38) and using the asymptotic expression for ψ opt given in (39), we obtain
The diversity order of the system can be calculated as
where the inequality follows from (40). Since the diversity order of the system can be at most 2, we conclude that Δ = 2, that is, the full diversity is achieved.
Proposition 2:
The proposed incremental relaying scheme by employing the threshold of the form ψ = ψ FDA = (1/b M-MT )log (F(SNR)), where F(SNR) > 0 is a function of SNR that satisfies F(SNR)∼cSNR, where c is a positive constant, achieves full diversity of order two.
Proof: By substituting ψ = ψ FDA into (38), we easily obtain
The diversity order can be calculated as (see (43)) where the second step follows from (42). Since the diversity order of the system can be at most 2, we conclude that Δ = 2, that is, the full diversity of order 2 is achieved.
It is worth noting that the full diversity achieving threshold proposed in Proposition 2 is independent of the network geometry, and hence, to set the threshold, no information about the source-relay link is required to be known at the destination.
From the asymptotic expressions of ψ opt and ψ FDA , we can clearly observe that c opt / g s,d
0 and c FDA / g s,d 0 as SNR→∞. Thus, the average spectral efficiency given in (32), by employing either of these thresholds, tends to log 2 M as SNR goes to infinity.
Simulation results
In this section, some numerical examples on the performance of the proposed scheme are presented. To verify the theoretical analysis, simulation results are also provided. Let D i,j denote the distance between terminals i and j. It is assumed that λ i,j is proportional to D l i,j , where l is the path-loss exponent. With this assumption, in addition to the random fading, the network geometry is also taken into account. In the following figures, SNR denotes the total transmit signal-to-noise ratio per bit, which is given by SNR = E s /N 0 + E r /N 0 , as defined in Section 4. Throughout our numerical examples, we assume that E s = E r and l = 4.
Figs. 1 and 2 illustrate the end-to-end SEP of the proposed incremental relaying scheme as a function of SNR for M-PSK and M-QAM modulation schemes, respectively. In all cases, the optimal thresholds are employed. The asymptotic expression derived in Section 4 for the end-to-end SEP is also depicted. We can clearly observe that the asymptotic end-to-end SEP decays with increasing SNR with the same slope as the end-to-end SEP in the high-SNR regime. This confirms our theoretical results of Section 4. The simulation results also confirm the accuracy of the theoretical analysis. For large constellation sizes, we can observe a very small gap between the theoretical and simulation results at low SNRs, which is because of our approximation in the calculation of the SEP. The accuracy of the approximate SEP expressions derived for the case of cooperative transmission [given in (12) and (19) ] is also validated in Figs. 3 and 4 via Monte Carlo simulation.
Figs. 5-7 compare the BEP performance of different relaying schemes for three network geometries. The BEP curves for the case of ML detection [4] which is optimal in the sense of probability of error, are also depicted as a benchmark. We can clearly observe that the proposed scheme performs very close to the optimal selection relaying [10, 11] in terms of the end-to-end BEP. As expected, the ML detection scheme outperforms the other relaying schemes, at the cost of increased signalling overhead. However, when the relay is located closer to the source than to the destination, the performance gain obtained by the ML detection is not significant, when compared to the optimal incremental relaying. In these figures, for comparison, the BEP curves are also depicted for fixed relaying and non-cooperative transmission schemes. Fig. 8 shows the spectral efficiency performance of the above-mentioned relaying schemes as a function of SNR for BPSK modulation. For relaying schemes in which a fixed subchannel is dedicated to the relay, the spectral efficiency is equal to 1/2 for all SNRs. This is the case for the ML detection, fixed relaying and selection relaying schemes. We can clearly observe that the average spectral efficiency in the incremental relaying scheme increases with increasing SNR and tends to its maximum achievable value (log 2 M ) as SNR goes to infinity. In the low-SNR regime, the received SNR from the source is usually insufficient to have a reliable detection at the destination. As a result, the relay transmits in the second phase most of the time, and hence, the average spectral efficiency is close to 1/2. In contrast, in the high-SNR regime, the direct link SNR usually suffices to have a reliable detection at the destination, and hence, the second hop is skipped most of the time. Thus, the average spectral efficiency is very close to 1. This gain is obtained at the cost of a bit increased system complexity because of the feedback link.
The end-to-end BEP as a function of the relay location is depicted in Fig. 9 for ψ = ψ opt (i.e. optimal incremental relaying) and ψ = ∞ (i.e. fixed relaying). We can observe that with increasing the source-relay distance, the end-to-end BEP first decreases and then increases. To explain this behaviour, we should note that as the relay becomes closer to the destination, a performance gain is obtained due to the fact that a stronger signal is received from the relay at the destination. However, at the same time, a performance loss is incurred due to the fact that the relay becomes more unreliable (as the source-relay distance increases, the probability of a symbol error at the relay increases). For the case that the end-to-end BEP is a decreasing function of the source-relay distance, the performance of the system is dominated by the gain, and for the case that the end-to-end BEP is an increasing function of the source-relay distance, the performance of the system is dominated by the loss incurred because of the error propagation. It is worth noting that the variation of the end-to-end BEP as a function of the source-relay distance is quite small for the case that the optimal threshold is employed. This confirms that the proposed incremental relaying scheme effectively mitigates error propagation. Fig. 10 illustrates the probability of cooperation as a function of the relay location for the optimal incremental relaying scheme. For comparison, the curves for the case of optimal selection relaying [10, 11] are also depicted. As the source-relay distance increases, the probability of erroneous detection at the relay increases, and hence, the probability of cooperation in both schemes decreases. For the case of optimal selection relaying, the probability of cooperation tends to 1 as SNR increases. This is due to the fact that the relay is reliable in the high-SNR regime and hence usually
participates in the second phase. In contrast, for the case of optimal incremental relaying, the probability of cooperation decreases as SNR increases. This observation agrees with the fact that in the high-SNR regime, the direct transmission is successful most of the time and the relay transmits rarely. It should be noted that although the probability of cooperation decays with increasing SNR, the rate of this decay is such that the full diversity of order 2 is guaranteed. Fig . 11 shows the end-to-end BEP performance of the incremental relaying scheme for the full diversity achieving threshold given in Proposition 2. It is assumed that F(SNR) = SNR. We can clearly observe that the performance gap between the full diversity achieving threshold and the optimal threshold is insignificant, particularly in the high-SNR regime where both curves converge. This figure also demonstrates the accuracy of the closed-form expression derived in Section 3.2 for the optimal threshold. We can observe that the optimal threshold obtained 
Conclusion
In this paper, we have proposed a simple incremental relaying scheme that eliminates redundant relay transmissions such that the error propagation from the relay to the destination is effectively mitigated and the full diversity of order two is achieved. Under the assumption of error propagation from the relay to the destination, we analysed the SEP performance of the system for M-PSK, M-PAM and M-QAM modulation schemes and derived closed-form expressions for the optimal threshold that minimises the end-to-end SEP. The high-SNR analysis shows that by employing the optimal threshold (which is independent of the instantaneous channel realisations), the full diversity of order two is guaranteed. Furthermore, we proposed a class of thresholds that are independent of the network geometry and achieve full diversity. By employing these thresholds, no information about the source-relay link is required to be known at the destination. In conventional incremental relaying protocols that have been designed for regenerative systems, to achieve full diversity in the sense of probability of error, the system must be equipped with error detection codes. The proposed scheme achieves full diversity while neither the bandwidth-consuming CRC code nor the availability of the source-relay CSI at the destination is required in the system. The proposed incremental relaying scheme effectively mitigates error propagation from the relay to the destination, and at the same time, achieves high spectral efficiency. In other words, it benefits from the advantages of selection relaying and conventional incremental relaying. 
Substituting (47) into (45), we obtain (5).
9 Appendix 2: Derivation of (29)
The integral in (29) can be rewritten as ×
where the second equality results from (28). Substituting (49) into (48), we obtain 
Both of the above integrals are in the form of (28). Thus, (50) can be expressed in closed form as (29).
